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Gamma evaluation of hypergeometric series
Ming Hao Zhao
Abstract
We evaluate several classes of high weight hypergeometric series via Gamma function, using method
of distribution relations.
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1 Gamma evaluation
Lemma 1. Recall Gauss, Kummer (argument −1, 1
2
), Dixon, Watson, Whipple and Clausen formula for
2F1, 3F2 Gamma evaluation of hypergeometric series. For higher weights we have Dougall formulas:
L1 = 4F3
(
a,
a
2
+ 1, b, c;
a
2
, a− b+ 1, a− c+ 1; 1
)
=
Γ
(
a+1
2
)
Γ(a− b+ 1)Γ(a− c+ 1)Γ (a+1
2
− b− c)
Γ(a+ 1)Γ
(
a+1
2
− b)Γ (a+1
2
− c)Γ(a− b− c+ 1)
L2 = 4F3
(
a,
a
2
+ 1, b, c;
a
2
, a− b+ 1, a− c+ 1;−1
)
=
Γ(a− b+ 1)Γ(a− c+ 1)
Γ(a+ 1)Γ(a− b− c+ 1)
L3 = 5F4
(
a,
a
2
+ 1, b, c, d;
a
2
, a− b+ 1, a− c+ 1, a− d+ 1; 1
)
=
Γ(a− b+ 1)Γ(a− c+ 1)Γ(a− d+ 1)Γ(a− b− c− d+ 1)
Γ(a− b− c+ 1)Γ(a− b− d+ 1)Γ(a+ 1)Γ(a− c− d+ 1)
L4 = 6F5
(
a,
a
2
+ 1, b, c, d, e;
a
2
, a− b+ 1, a− c+ 1, a− d+ 1, a− e+ 1;−1
)
=
Γ(a− d+ 1)Γ(a− e+ 1)
Γ(a+ 1)Γ(a− d− e+ 1) 3F2(a− b− c+ 1, d, e; a− b+ 1, a− c+ 1; 1)
Proof. See [1] for proof of L2, L3, L4. Let e→ a+12 in L3 to obtain L1.
Lemma 2. Let p, q,m, n ∈ N, |z| ≤ 1, A = {a1, · · · , ap}, B = {b1, · · · , bq}, Dn,m(c) = { c+mn , · · · , c+m+n−1n },
Dn,m({c1, · · · , ck}) = {Dn,m(c1), · · · , Dn,m(ck)}, then we have
np+1Fnq+n(1, Dn,m(A);Dn,m(B); z) =
m!nm(p−q−1)−1z−
m
n
∏q
i=1(bj)m∏p
i=1(aj)m
n−1∑
k=0
e−
2piikm
n pFq(A;B;n
q−p+1e
2piik
n z
1
n )
1
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Proof. Check that RHS has coefficient zero for all non-integer powers by elementary means, and that
both sides has same coefficient for all zn by Gauss multiplication formula of Γ.
Given that p, q, A,B are clear, and that RHS is summable via Gamma function using formula X =
{X1, · · · , Xk}, we name the new formula generated by corresponding LHS as ‘X, DIST(n,m, z)’.
Lemma 3. We have:
K1 = 2F1
(
a,
a+ 1
3
;
2(a+ 1)
3
; e±
pii
3
)
=
3
a
2
−1e
1
6
pia(±i)Γ
(
a
3
)
Γ
(
2(a+1)
3
)
Γ
(
2
3
)
Γ(a)
K2 = 2F1
(
a+
1
2
,
1
2
− a; 1− a; 1
2
(
1−
√
2
))
=
√
pi22a−
1
4
(√
2− 1)a Γ(1− a)
Γ
(
5
8
− a
2
)
Γ
(
7
8
− a
2
)
3F2
(
1
2
,
1
2
− a, a+ 1
2
; 1− b, b+ 1; z
)
= 2F1
(
a+
1
2
,
1
2
− a; 1− b; 1−
√
1− z
2
)
2F1
(
a+
1
2
,
1
2
− a; b+ 1; 1−
√
1− z
2
)
K3 = 3F2
(
1
2
,
1
2
− a, a+ 1
2
; 1− a, a+ 1; 1
)
=
pi2a csc(pia)
Γ
(
3
4
)2
Γ
(
3
4
− a)Γ (a+ 3
4
)
K4 = 3F2
(
1
2
,
1
2
− a, a+ 1
2
; 1− a, a+ 1;−1
)
=
pi2a csc(pia)√
2Γ
(
5
8
− a
2
)
Γ
(
7
8
− a
2
)
Γ
(
a
2
+ 5
8
)
Γ
(
a
2
+ 7
8
)
Proof. See [2] for proof of K1,K2. For the intermediate identity, let z → 4z(1− z), one may check that
both sides satisfy the same order 3 ODE and initial conditions (Mathematica command “’Differential-
RootReduce’ should do it well). Finally, by analytic continuation one may set b → a, z → ±1 in the
identity, and apply Kummer 1
2
and K2 to obtain K3,K4.
Proposition 1. We have:
4F3
(
a, a+
1
2
, b, b+
1
2
;
1
2
, a− b+ 1
2
, a− b+ 1; 1
)
=
Γ(2a− 2b+ 1)
2
(
Γ(1− 4b)
Γ(1− 2b)Γ(2a− 4b+ 1) +
√
pi4−a
Γ
(
a+ 1
2
)
Γ(a− 2b+ 1)
)
Proof. Gauss, Kummer −1, DIST(2,0,1).
Proposition 2. We have:
6F5
(a
2
+ 1, a, a− 2b+ 1, b, 2a− 2b− c+ 1, c; a
2
, a− b+ 1, 2b, a− c+ 1,−a+ 2b+ c;−1
)
=
√
piΓ
(
b+ 1
2
)
Γ(a− b+ 1)Γ(a− c+ 1)Γ(−a+ 2b+ c)
Γ(a+ 1)Γ
(
c+1
2
)
Γ
(
b− c
2
+ 1
2
)
Γ
(
a− b− c
2
+ 1
)
Γ
(−a+ 2b+ c
2
)
6F5
(a
2
+ 1, a, 1− b, b, 1− c, c; a
2
, a− b+ 1, a+ b, a− c+ 1, a+ c;−1
)
=
pi21−2aΓ(a− b+ 1)Γ(a+ b)Γ(a− c+ 1)Γ(a+ c)
Γ(a)Γ(a+ 1)Γ
(
1
2
(a− b− c+ 2))Γ ( 1
2
(a+ b− c+ 1))Γ ( 1
2
(a− b+ c+ 1))Γ ( 1
2
(a+ b+ c)
)
2
6F5
(a
2
+ 1, a, b, a− 2c+ 1, 2a− b− 2c+ 1, c; a
2
, a− b+ 1, a− c+ 1, 2c,−a+ b+ 2c;−1
)
=
√
piΓ
(
c+ 1
2
)
Γ(a− b+ 1)Γ(a− c+ 1)Γ(−a+ b+ 2c)
Γ(a+ 1)Γ
(
b+1
2
)
Γ
(− b
2
+ c+ 1
2
)
Γ
(
a− c− b
2
+ 1
)
Γ
(−a+ b
2
+ 2c
)
6F5
(
a
2
+ 1, a,
a
2
− b
2
+
1
2
, b, a+ b− c, c; a
2
, a− b+ 1, a
2
+
b
2
+
1
2
, a− c+ 1,−b+ c+ 1;−1
)
=
√
piΓ
(
1
2
(a− b+ 2))Γ ( 1
2
(a+ b+ 1)
)
Γ(a− c+ 1)Γ(−b+ c+ 1)
Γ(a+ 1)Γ
(
c+1
2
)
Γ
(−b+ c
2
+ 1
)
Γ
(
1
2
(a− b− c+ 2))Γ ( 1
2
(a+ b− c+ 1))
6F5
(
a
2
+ 1, a, b, a− b
2
− c
2
+
1
2
, c,−a+ b+ c; a
2
, a− b+ 1, a− c+ 1, 2a− b− c+ 1, b
2
+
c
2
+
1
2
;−1
)
=
√
piΓ(a− b+ 1)Γ(a− c+ 1)Γ ( 1
2
(b+ c+ 1)
)
Γ
(
a− b
2
− c
2
+ 1
)
Γ(a+ 1)Γ
(
b+1
2
)
Γ
(
c+1
2
)
Γ
(
a− c− b
2
+ 1
)
Γ
(
a− b− c
2
+ 1
)
6F5
(a
2
+ 1, a, 1− b, b, 1− c, c; a
2
, a− b+ 1, a+ b, a− c+ 1, a+ c;−1
)
=
pi21−2aΓ(a− b+ 1)Γ(a+ b)Γ(a− c+ 1)Γ(a+ c)
Γ(a)Γ(a+ 1)Γ
(
1
2
(a− b− c+ 2))Γ ( 1
2
(a+ b− c+ 1))Γ ( 1
2
(a− b+ c+ 1))Γ ( 1
2
(a+ b+ c)
)
6F5
(
1
2
, a, a+
3
4
, 2a− 1
2
, 2a− b, b; a− 1
4
, 2a, a+
1
2
, 2a− b+ 1
2
, b+
1
2
;−1
)
=
√
piΓ
(
a+ 1
2
)2
Γ
(
b+ 1
2
)
Γ
(
2a− b+ 1
2
)
Γ
(
2a+ 1
2
)
Γ
(
b+1
2
)2
Γ
(
a− b
2
+ 1
2
)2
6F5
(
a
2
+ 1, a, a− 2b+ 1, a− b+ 1
2
, a− b+ 1
2
, b;
a
2
, a− b+ 1, 2b, b+ 1
2
, b+
1
2
;−1
)
=
√
piΓ
(
b+ 1
2
)3
Γ(a− b+ 1)
Γ(a+ 1)Γ
(
1
4
(2a− 2b+ 3))2 Γ ( 1
4
(−2a+ 6b+ 1))2
Proof. Use L4 to reduce LHS to 3F2, then apply Dixon/Watson/Whipple/Clausen.
Proposition 3. We have:
6F5
(
a, 3a, a+
1
3
, a+
2
3
, 3a− 1
3
, 3a+
1
3
;
1
3
,
2
3
, 2a, 2a+
1
3
, 2a+
2
3
;−1
)
=
1
3
√
piΓ(6a)
(
21−9a
Γ
(
1
2
(3a+ 1)
)
Γ
(
9a
2
) + 4√pi3− 9a2 cos ( 16pi(9a− 1))
Γ
(
2
3
)
Γ(3a)Γ
(
3a+ 1
3
) )
3
6F5
(
1
4
,
3
4
,
1
4
− a
2
,
3
4
− a
2
,
a
2
+
1
4
,
a
2
+
3
4
;
1
2
,
1
2
− a
2
, 1− a
2
,
a
2
+
1
2
,
a
2
+ 1; 1
)
=
1
4
pi2a csc(pia)
( √
2
Γ
(
5
8
− a
2
)
Γ
(
7
8
− a
2
)
Γ
(
a
2
+ 5
8
)
Γ
(
a
2
+ 7
8
) + 2
Γ
(
3
4
)2
Γ
(
3
4
− a)Γ (a+ 3
4
))
6F5
(
1
4
,
3
4
,
a
2
+
1
2
, a− 1
4
,
a
2
, a+
1
4
;
1
2
,
a
2
+
1
4
,
a
2
+
3
4
, a, a+
1
2
; 1
)
=
pi2−2a−
1
2 Γ
(
a+ 1
2
)2
Γ
(
a
2
+ 3
8
)2
Γ
(
a
2
+ 5
8
)2 + Γ
(
1
4
)2
Γ
(
a+ 1
2
)2
4piΓ
(
a+ 1
4
)2
6F5
(
3
4
,
5
4
,
a
4
+
3
8
,
a
4
+
7
8
,
a
2
+
1
2
,
a
2
;
1
2
,
a
4
+
5
8
,
a
4
+
9
8
,
a
2
+
3
4
,
a
2
+
5
4
; 1
)
=
1
2
piΓ
(
a
2
+
5
4
)2(23a−1 (Γ (a+1
4
)
Γ
(
a+2
4
)− Γ (a
4
)
Γ
(
a+3
4
))2
pi3Γ(a)2
+
1
Γ
(
5
4
)2
Γ
(
a+1
2
)2
)
Proof. First: Kummer −1, K1, DIST(3,0,−1). Second: K3,K4, DIST(2,0,1). Third and fourth: Kummer
−1, Clausen, DIST(2,0,1).
Proposition 4. We have:
7F6
(
a
4
+ 1,
a
2
+
1
2
,
a
2
,
b
2
+
1
2
,
b
2
,
c
2
+
1
2
,
c
2
;
1
2
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1,
a
2
− c
2
+
1
2
,
a
2
− c
2
+ 1; 1
)
=
1
2
(
Γ(a− b+ 1)Γ(a− c+ 1)
Γ(a+ 1)Γ(a− b− c+ 1) +
Γ
(
a+1
2
)
Γ(a− b+ 1)Γ(a− c+ 1)Γ (a+1
2
− b− c)
Γ(a+ 1)Γ
(
a+1
2
− b)Γ (a+1
2
− c)Γ(a− b− c+ 1)
)
Proof. L1, L2, DIST(2,0,1).
Proposition 5. Let Sk = 9F8(Ak;Bk; 1) then:
A1 = {a
4
+ 1,
a
2
+
1
2
,
a
2
,
a
2
− b+ 1
2
,
a
2
− b+ 1, 3a
4
− b+ 1
4
,
3a
4
− b+ 3
4
,
b
2
+
1
2
,
b
2
}
B1 = {1
2
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1, b, b+
1
2
,−a
4
+ b+
1
4
,−a
4
+ b+
3
4
}
S1 =
4b−1Γ
(
b+ 1
2
)
Γ(a− b+ 1)√
piΓ(a+ 1)
 Γ (a+14 )Γ (−a4 + b+ 34 )
Γ
(
3(a+1)
4
− b
)
Γ
(− 3a
4
+ 2b+ 1
4
) + Γ (−a2 + 2b+ 12 )Γ (− 3a2 + 3b− 12 )
Γ
(−a
2
+ b+ 1
2
)
Γ
(− 3a
2
+ 4b− 1
2
)

A2 = {1
4
− a
4
,
3
4
− a
4
,
a
4
+ 1,
a
2
+
1
2
,
a
2
,
1
2
− b
2
, 1− b
2
,
b
2
+
1
2
,
b
2
}
B2 = {1
2
,
3a
4
+
1
4
,
3a
4
+
3
4
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1,
a
2
+
b
2
,
a
2
+
b
2
+
1
2
}
4
S2 =
Γ
(
3a
2
+ 1
2
)
Γ(a− b+ 1)Γ(a+ b)
(
Γ( 3a2 − 12 )
Γ(a)Γ( 3a2 −b+ 12 )Γ( 3a2 +b− 12 )
+ pi
3/222−3a
Γ( a2 )Γ(
1
4
(a−2b+3))Γ( 14 (3a−2b+3))Γ( 14 (a+2b+1))Γ( 14 (3a+2b+1))
)
2Γ(a+ 1)
A3 = {a
8
+
1
8
,
a
8
+
5
8
,
a
4
+ 1,
a
2
+
1
2
,
a
2
,
3a
4
− b
2
+
1
4
,
3a
4
− b
2
+
3
4
,
b
2
+
1
2
,
b
2
}
B3 = {1
2
,
3a
8
+
3
8
,
3a
8
+
7
8
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1,−a
4
+
b
2
+
1
4
,−a
4
+
b
2
+
3
4
}
S3 =
Γ(a− b+ 1)Γ (−a
2
+ b+ 1
2
)( √piΓ( 3(a+1)
4
)
Γ
(
a+3
4
)
Γ
(
b+1
2
)
Γ( 14 (a−2b+3))Γ( 14 (3a−2b+3))Γ( 12 (−a+b+1))
+
sec( 14 (3pia+pi)) cos(
1
4
pi(3a−4b+1))
Γ( 12− a2 )
)
2Γ(a+ 1)
A4 = {1
4
− a
4
,
3
4
− a
4
,
a
4
+ 1,
a
2
+
1
2
,
a
2
,
1
2
− b
2
, 1− b
2
,
b
2
+
1
2
,
b
2
}
B4 = {1
2
,
3a
4
+
1
4
,
3a
4
+
3
4
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1,
a
2
+
b
2
,
a
2
+
b
2
+
1
2
}
S4 =
Γ
(
3a
2
+ 1
2
)
Γ(a− b+ 1)Γ(a+ b)
(
pi21−2aΓ
(
a+1
2
)
Γ( 14 (a−2b+3))Γ( 14 (3a−2b+3))Γ( 14 (a+2b+1))Γ( 14 (3a+2b+1))
+
Γ( 3a2 − 12 )
Γ( 3a2 −b+ 12 )Γ( 3a2 +b− 12 )
)
2Γ(a)Γ(a+ 1)
A5 = {a
4
+ 1,
a
2
+
1
2
,
a
2
,
3a
8
− b
4
+
1
8
,
3a
8
− b
4
+
5
8
,
b
2
+
1
2
,−a
4
+
b
2
+
1
4
,−a
4
+
b
2
+
3
4
,
b
2
}
B5 = {1
2
,
a
4
,
a
2
− b
2
+
1
2
,
a
2
− b
2
+ 1
3a
4
− b
2
+
1
4
,
3a
4
− b
2
+
3
4
,
a
8
+
b
4
+
3
8
,
a
8
+
b
4
+
7
8
}
S5 =
2
3(a−1)
2
−bΓ
(
1
4
(3a− 2b+ 3))Γ ( 1
4
(a+ 2b+ 3)
)
√
piΓ(a+ 1)
Γ (a+14 )Γ ( 12 (a− b+ 2))
Γ
(
b+1
2
)
Γ
(
3(a+1)
4
− b
) + Γ(a− b+ 1)Γ ( 14 (3a− 6b+ 1))
Γ
(
1
4
(a− 2b+ 3))Γ ( 3a
2
− 2b+ 1
2
)

A6 = {a
8
+
1
8
,
a
8
+
5
8
,
a
4
+1,
3a
8
+
1
8
,
3a
8
+
1
8
,
3a
8
+
5
8
,
3a
8
+
5
8
,
a
2
+
1
2
,
a
2
}, B6 = {1
2
,
a
8
+
3
8
,
a
8
+
3
8
,
a
8
+
7
8
,
a
8
+
7
8
,
3a
8
+
3
8
,
3a
8
+
7
8
,
a
4
}
S6 =
Γ
(
a+3
4
)2
2Γ(a+ 1)
 √piΓ
(
3(a+1)
4
)
Γ
(
a+3
4
)
Γ
(
5
8
− a
8
)2
Γ
(
1
8
(3a+ 5)
)2 + sec
(
1
4
(3pia+ pi)
)
Γ
(
1
2
− a
2
)

Proof. L3, 5F4 formulas induced by Dixon/Watson/Whipple/Clausen (let e → a+12 in L4 and choose
appropriate b, c, d to make 3F2 on RHS summable), DIST(2,0,1).
5
2 Examples
Choosing appropriate parameters one may obtain the following.
Lemma 1:
5F4
(
−1
3
,
1
2
,
1
2
,
2
3
,
5
4
;
1
4
,
5
6
, 1,
11
6
; 1
)
=
160pi4
3Γ
(
1
3
)9
Prop. 1:
4F3
(
1
6
,
1
6
,
2
3
,
2
3
;
1
2
,
1
2
, 1; 1
)
=
3
(
2 + 3
√
2
)
Γ
(
1
3
)3
16pi2
Prop. 2:
6F5
(
1
4
,
1
4
,
1
4
,
3
4
,
3
4
,
9
8
;
1
8
,
1
2
,
1
2
, 1, 1;−1
)
=
(√
2 + 2
)
Γ
(
3
8
)2
4
√
2pi3/2Γ
(
1
4
)
Prop. 3:
6F5
(
1
6
,
1
6
,
1
2
,
1
2
,
5
6
,
5
6
;
1
3
,
1
3
,
2
3
,
2
3
, 1;−1
)
=
6
√
2 4
√
3
(√
3 + 1
)
Γ
(
1
3
)3
+
√
2piΓ
(
1
4
)2
12pi2
6F5
(
−1
4
,
1
4
,
1
4
,
3
4
,
3
4
,
5
4
;
1
2
,
1
2
,
1
2
, 1, 1; 1
)
=
1
pi
+
Γ
(
1
8
)2
Γ
(
3
8
)2
32
√
2pi3
+
8pi
√
2
Γ
(
1
8
)2
Γ
(
3
8
)2 + 8pi
Γ
(
1
4
)4
6F5
(
1
6
,
1
4
,
1
3
,
2
3
,
3
4
,
5
6
;
5
12
,
1
2
,
7
12
,
11
12
,
13
12
; 1
)
=
4Γ
(
1
12
)
Γ
(
5
12
)
Γ
(
1
4
)2
+
√
2Γ
(
1
24
)
Γ
(
5
24
)
Γ
(
7
24
)
Γ
(
11
24
)
192pi2
Prop. 4:
7F6
(
1
8
,
1
8
,
1
8
,
5
8
,
5
8
,
5
8
,
17
16
;
1
16
,
1
2
,
1
2
,
1
2
, 1, 1; 1
)
=
√
2
pi
+
2 4
√
2Γ
(
1
4
)
√
piΓ
(
3
8
)2
Prop. 5:
9F8
(
− 1
12
,
1
12
,
1
3
,
5
12
,
7
12
,
7
12
,
5
6
,
13
12
,
7
6
;
1
6
,
1
4
,
1
2
,
3
4
,
3
4
,
11
12
,
5
4
,
17
12
; 1
)
=
15
(
4pi2
√
3 + 3Γ
(
1
3
)3)
64 22/3Γ
(
1
3
)3
9F8
(
− 1
24
,
1
12
,
1
4
,
1
3
,
11
24
,
7
12
,
3
4
,
5
6
,
9
8
;
1
8
,
5
12
,
1
2
,
2
3
,
19
24
,
11
12
,
7
6
,
31
24
; 1
)
=
1
3
3
√
2
(
7Γ
(
3
8
)
Γ
(
7
24
)
5Γ
(
5
24
)
Γ
(
11
24
) + 7pi√2 (√3− 1)Γ ( 112)
5
(√
3 + 1
)
Γ
(
1
4
)
Γ
(
5
12
)2
)
6
9F8
(
−1
4
,− 1
16
,− 1
16
,
1
16
,
1
4
,
7
16
,
7
16
,
9
16
,
7
8
;−1
8
,
3
16
,
5
16
,
5
16
,
1
2
,
11
16
,
13
16
,
13
16
; 1
)
=
pi
(√
2−√2 + 2
)
Γ
(
5
16
)2
+ 2
√
2piΓ
(
1
4
)
Γ
(
7
16
)2(√
2 + 2
)3/2
Γ
(
3
8
)2
Γ
(
7
16
)2
Bonus. Let a→ 1
12
, a→ 1
6
in Prop. 3(1), 3(3) respectively, DIST(2,0,1):
12F11
(
− 1
24
,
1
24
,
1
8
,
5
24
,
7
24
,
3
8
,
11
24
,
13
24
,
5
8
,
17
24
,
19
24
,
7
8
;
1
12
,
1
6
,
1
4
,
1
3
,
5
12
,
1
2
,
7
12
,
2
3
,
3
4
,
5
6
,
11
12
; 1
)
=
2
√√
2 + 1 +
8√3(
√
3+1)Γ( 13 )Γ(
5
12 )
Γ( 14 )
√√√
3+2+2
pi
12
√
2
+
pi
(
Γ( 14 )
2
Γ( 512 )
2 +
(−
√
2+
√
6+4)Γ( 724 )
2
211/6Γ( 1124 )
2
)
6Γ
(
1
3
)2
One may obtain an analogous result of Prop. 3(1) by computing DIST(3,1,−1), call this new one
Prop. 3(1’). Let a→ 1
12
, a→ 5
6
in Prop. 3(1’), 3(3) respectively, DIST(2,0,1):
12F11
(
1
8
,
5
24
,
7
24
,
3
8
,
11
24
,
13
24
,
5
8
,
17
24
,
19
24
,
7
8
,
23
24
,
25
24
;
1
4
,
1
3
,
5
12
,
1
2
,
7
12
,
2
3
,
3
4
,
5
6
,
11
12
,
13
12
,
7
6
; 1
)
=
2
3
√
2
(√
2 + 1
)
+
(
2Γ( 14 )
2
Γ( 112 )
2 +
3√2(2
√
2−√3+1)Γ( 524 )
2
Γ( 124 )
2
)
Γ
(
1
3
)2
pi
−
2
(√
3 + 1
)√
2−√2
pi
Γ
(
1
4
)
Γ
(
1
3
)
35/8Γ
(
1
12
)
One may try DIST(2,1,1) in various steps of above propositions, or analogies of Clausen formula to
obtain more identity. We pause here.
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